Pathway structure determination in complex stochastic networks with non-exponential dwell times J. Chem. Phys. 140, 184102 (2014) Abstract. Consider a single server queue in which the service station may breakdown according to a Poisson process with rates γ in busy time and γ' in idle time respectively. After a breakdown, the service station will be repaired immediately and the repair time is assumed to have an exponential distribution with rate δ. Suppose the arrival time has an exponential distribution with rate λ, and the probability density function g(t) and the cumulative distribution function G(t) of the service time are such that the rate g(t)/[1 -G(t)] tends to a constant as t tends to infinity. When the queue is in a stationary state, we derive a set of equations for the probabilities of the queue length and the states of the arrival and service processes. Solving the equations, we obtain approximate results for the stationary probabilities which can be used to obtain the stationary queue length distribution of the system.
INTRODUCTION
Some queueing systems are unreliable as they may breakdown or fail due to different causes. White and Christie [1] were the first to consider an M/M/1 queueing system with the service station subject to exponentially distributed interruptions. Since then, many papers related to server with interruptions were published (see Avi-Itzhak and Naor [2] ; Fisher [3] ; Vinod and Altiok [4] ; Li and Zhu [5] ; Yang and Alfa [6] ). Most of the authors assumed that the breakdown rate was constant. However, an unreliable server may have different breakdown rates during busy time and idle time. Gray et al. [7] studied a model in which the server takes a vacation when the system is idle, and is subject to breakdown while in operation. Sheng-li et al. [8] considered a model given by an M/M/1 queue in which the service station may break down according to a Poisson process with different rates in idle time and busy time. Sheng-li and Jing-bo [9] extended the study in the model in Sheng-li et al. [8] to multi-state queueing system.
In this paper, we generalize the model in Sheng-li et al. [8] by changing the distribution of the service time to one of which the rate tends to a constant as the time t tends to infinity. Abbreviating "Constant Asymptotic Rate" to "CAR", we may refer to the distribution with a constant asymptotic rate as the CAR distribution. The requirement for the service time distribution to have a constant asymptotic rate is not a great restriction since in practice many distributions such as exponential, Erlang, hyperexponential, gamma, phase-type etc. satisfy this requirement. The resulting queue may now be denoted as an M/CAR/1 queue.
To analyze the unreliable M/CAR/1 queue, we first discretize the service time by segmenting the time axis into a sequence of equal intervals of length ∆t. We next derive a set of equations for the stationary probabilities of the queue length and the states of the arrival, service and repair processes. By solving the equations, we obtain approximately the stationary probabilities.
The remainder of the paper is organized as follows. The next section of the paper gives a brief description of the model considered in Sheng-li et al. [8] . Then, in the subsequent section, we derive a set of equations for the stationary probabilities. The method used to solve for the set of equations is presented in the succeeding section. Then, some numerical examples are presented. Concluding remarks of this study are added in the final section.
MODEL DESCRIPTION
Sheng-li et al. [8] studied the M/M/1 queue in which the service station may break down according to a Poisson process with rates γ in busy time and γ' in idle time respectively. After a breakdown, the service station will be repaired immediately and the repair time is assumed to have an exponential distribution with rate δ. In this paper, we generalize the M/M/1 queue to M/CAR/1 queue in which the arrival time has an exponential distribution with rate λ, and the distribution of the service time has a constant asymptotic rate. With the change in the service time distribution, the model may be applied to the system where the service time distribution is non-exponential.
DERIVATION OF EQUATIONS FOR THE STATIONARY PROBABILITIES
In this section, a set of equations for the stationary probabilities of the queue length and the states of the arrival and service processes in the discretized M/CAR/1 queue is derived. First let g(t) be the probability density function (pdf) of the service time and τ k the interval ( ( 1) ,
where I is large enough such that lim
Suppose a service starts at time t = 0. Then the probability that the service will be completed in the interval τ 1 is approximately μ 1 ∆t, and given that the service is not completed in τ 1 , τ 2 , …, τ k-1 , the probability that the service will be completed in τ k is approximately μ k ∆t, k = 2, 3, 4,… where
Let the interval before τ 1 as τ 0 . Given that a service starts at a time in τ 0 , we may define the state number ξ k of the service process at the end of τ k as
or the server is active at the end of τ k-1 and the service ends in τ k , k ≥ 1; or the server is idle at the end of τ k-1 , and in τ k , the server remains idle or a customer arrives or a breakdown occurs, k ≥ 2. the server is active and is at state min(k -1, I) at the end of τ k-1 , and a breakdown occurs in τ k , k ≥ 1; or the server is being repair at the end of τ k-1 and, no repair completions occur in
if the server is active and is in the state min(k -1, I) at the end of τ k-1 , and no breakdown or no service completions occur in τ k , k ≥ 1.
Next, given that a customer arrives at a time in τ 0 , we may define the state number ψ k of the arrival process at the end of τ k as
The state number φ k of the repair process at the end of τ k is defined as
or the server is not broken down at the end of τ k-1 and, no breakdowns occur in τ k ; or the server is still being repaired at the end of τ k-1 and a repair completion occurs in
if the server is still being repaired at the end of τ k-1 and, no repair completions occur in τ k , k ≥ 2.
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Let n k be the queue length at the end of τ k and
We may refer to h k as the vector of characteristics of the queue at the end of τ k . Let ( ) k nirj P be the probability that at the end of τ k , the number of customers in the system is n (including the customer that is being served), the service process is in state i, the repair process is in state r and the arrival process is in state j. Assume that
exists. To find the P nirj , we first make the following observations. Suppose at the end of τ k-1 , the queue length n is not empty (i.e. n k-1 = n ≥ 1), the server is in state i -1, and the arrival process is in state j. In this case the server is still active and we define the repair state number to be zero. This means the vector of characteristics at the end of τ k-1 is given by h k-1 = (n, i -1, 0, j). With this value of h k-1 , only one of the following events can occur in τ k :
(a) A customer enters the system with the arrival rate λ, and at the end of τ k , the vector of characteristics becomes h k = (n + 1, i*, 0, 1); (b) A customer leaves the system with the departure rate μ i* , and h k = (n -1, 0, 0, 0); (c) The server breaks down, yielding h k = (n, 0, 1, 0); (d) No customers enter or leave the system, and no breakdowns occur, yielding h k = (n, i*, 0, 0) where i* = min(i, I).
However if at the end of τ k-1 , the system is empty (i.e. n k-1 = 0), the server is not broken down and no customer arrives in τ k-1 with h k-1 = (0, 0, 0, 0), then one of the following events can occur in τ k :
(e) A customer enters the system with arrival rate λ, and h k = (1, 0, 0, 1); (f) A breakdown occurs with rate ' , yielding h k = (0, 0, 1, 0); (g) No customers enter the system and no breakdowns occur, yielding h k = (0, 0, 0, 0). Suppose at the end of τ k-1 , the queue length is n k-1 = n ≥ 0, the repair process is in state φ k-1 = r = 1, and the arrival process is in state j. In this case the server is being repaired and we define the service state number to be zero, yielding 
When k→∞, we get from (4)
In general, for a given value of h k , we can likewise find the combination of h k-1 and the event in τ k which leads to h k , and obtain an equation similar to (5). Thus we can obtain the following equations 
0010 0000 0010
When n = 1, 
1 00 1( 1)00 (1 )(1 )(1 )
1 00 1( 1)00 1 00
(1 ) 
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For n ≥ 3, 
STATIONARY QUEUE LENGTH DISTRIBUTION
In this section, the method in Koh [10] shall be used to solve equations (6) to (25) 2) P n*0* = {P ni0j : 0 ≤ i ≤ I, j = 0,1}; 3) (P m*** , P (m+1)*** , P (m+2)*0* ) denotes the set of equations of the form With the above notations, (8) to (14) in the case when n = 1 can be represented as (P 0*** , P 1*** , P 2*0* ),
and (14) to (22) in the case when n = 2 may be represented as (P 1*** , P 2*** , P 3*0* ).
When n ≥ 3, (14) together with (18) to (25) can be represented as (P (n-1)*** , P n*** , P (n+1)*0* ).
It can be shown that from the set of equations given by (26), we can get (P 1irj | P 00*0 , P 2*0* ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
By substituting the expression of the P 1irj given by (29) into (27), and solving for the P 2irj , we get (P 2irj | P 00*0 , P 3*0* ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
By substituting the expression of the P 2irj given by (30) into (28) when n = 3 and solving for the P 3irj , we get (P 3irj | P 00*0 , P 4*0* ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
Next for n ≥ 4, repeat the process of substituting the expression of the P (n-1)irj given by (P (n-1)irj | P 00*0 , P n*0* ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1
into (28) and solving for the P nirj to get (P nirj | P 00*0 , P (n+1)*0* ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
When n = N is large enough, we may set all the P (n+1)*0* in (33) to be zero and obtain (P nirj | P 00*0 ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
For n = N -1, N -2,…,1, we may perform the substitution of (P (n+1)irj | P 00*0 ) into (33) and obtain (P nirj | P 00*0 ) for 0 ≤ i ≤ I, r = 0, 1 and j = 0, 1.
When n = 1, (35) yields (P 1irj | P 00*0 ). By using the results given by (P 1irj | P 00*0 ) and the Equations (6) and (7), we get the following system of two equations:
(P 00*0 | P 00*0 ) for r = 0, 1.
An inspection of (36) reveals that the two equations are linearly dependent. Hence, we need to include another linearly independent equation so that the resulting system of two equations has a unique solution. Equating the sum of the left sides of the equations given by (35) to the sum of the right sides of (35), we get an equation of the form, 
where r = 0, 1 and the k r are constants. (37), and one equation chosen from (36), constitute a system of two equations which can be solved to yield numerical answers for P 00r0 , r = 0, 1. Then using (35), we can get numerical answers for P nirj where 1 n , 0 , 0,1 i I r and 0, 1 j . The stationary probability that the queue length is n is then given by the sum of the
050026-5
This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. NUMERICAL EXAMPLE TABLE 1 shows the results of the steady-state mean system size when the service time is exponentially distributed and λ = 1. The numerical results are compared with those given in Sheng-li et al. [8] . Simulation has been carried out to verify the results obtained. 1 shows that results based on the proposed numerical method are very close to those given in Sheng-li et al. [8] and the simulation procedure. Next consider the examples in which the service time has a gamma distribution. The stationary queue length distribution and mean system size are found. The results obtained are shown in TABLE 2 and 3.
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